For the gure eight knot, we show that slopes with even numerator are slopes of immersed surfaces covered by incompressible, boundary-incompressible embeddings in some nite cover.
Theorem 1.3 Every slope is a virtually embedded boundary slope for the two fold cover of the gure eight knot exterior.
The main tool for this is the following general result which gives conditions under which homology classes in nite covers give rise to virtually embedded boundary slopes. Theorem 1.4 Let M be a compact, connected, orientable, atoroidal and irreducible 3-manifold with boundary a nite number of tori. Suppose that S is a connected, non-separating, orientable, incompressible surface properly embedded in M which is not a ber of a bration of M: Also suppose that @S contains some components with slope ; on a torus, T; in the boundary of M: Then is a virtually embedded boundary slope.
Morevover there is a nite cyclic cover, :M ?! M dual to S and a compact, connected, orientable, incompressible, boundary-incompressible, surface F; properly embedded inM: The boundary of F consists of a non-empty set of essential, parallel curves lying on some component,T ; of @M which covers T: Also jF is an immersion which is an embedding in a neighborhood of the boundary, and the boundary is mapped to loops parallel to :
This theorem provides a method for nding virtually embedded boundary slopes. One constructs a nite cover,X; of the knot exterior X: Then one determines the kernel of the map incl : H 1 (@X) ?! H 1 (X): An element, ; of the kernel is the boundary of a compact orientable incompressible surface, S;
inX: This surface may be chosen to be non-separating if is a primitive element of the kernel.
To apply the theorem, we need to know that S is not a ber of some bration ofX: This can be guaranteed if S is disjoint from at least one component of @X; since it is clear that a ber must meet every boundary component. Thus one has the homological problem of nding elements, ; in the kernel which also lie in the homology of the boundary minus some torus. Then is a sum of cycles, each on one of the boundary tori, and one of these cycles is chosen as : If the surface S is not connected, one may use one of the components of S: In order to obtain a surface in X which is embedded in a neighborhood of @X one also needs that projects one-to-one into @X:
The idea for proving the theorem is that of 3]. One takes two lifts,S 0 andS n ; of S toM which are \far apart". Then one connects pairs of boundary components onS 0 andS n by boundary parallel tubes to obtain a closed, embedded, surface H inM: The techniques of 3] can be extended to show that H is incompressible. One now deletes from H an essential boundary-parallel annulus and pushes the boundary of the new surface into @M: This is the incompressible surface F: For the sake of variety, we will give a somewhat di erent proof that H is incompressible.
Proof of 1.2 Since X is Seifert bered with non-empty boundary there is a nite cyclic cover,X; of X on which the induced Seifert berering is a productX = T 0 S 1 where T 0 is a compact surface with one boundary component. Since @X is incompressible it follows that T 0 is not a disc. The curve S 1 projects to a ber of the Seifert bration of X: Thus it su ces to show that the only immersed boundary slopes in T 0 S 1 are S 1 and @T 0 : Let : F ?! T 0 S 1 be a proper 1 -injective map which is not homotopic rel @F into @T 0 S 1 : Let p : T 0 S 1 ?! T 0 be projection onto the rst factor. Then ker p : 1 (T 0 S 1 ) ?! 1 T 0 ] = 1 S 1 is the center of 1 (T 0 S 1 ): We will identify 1 F with the subgroup 1 F of 1 (T 0 S 1 ): The intersection of ker p with 1 F is a central subgroup of 1 F: Since F is an orientable surface with non-empty boundary, either the center of 1 F is trivial or F is an annulus. Thus if the intersection is non-trivial then F is an annulus whose fundamental group intersects the center of 1X in a nontrivial subgroup. Since the center is a direct summand of 1X it follows that 1 F = Z is contained in the center. Therefore the boundary of F is parallel to S 1 : In the remaining case that 1 In the above de nition we do not assume that N is compact. In the application N will be a compact manifold minus some components of its boundary. Our rst goal is to now show that there is a maximal product region which is unique up to isotopy. This assertion follows from the existence and properties of the characteristic submanifold of N: We Lemma 2.6 With the hypotheses of 1.4, after an isotopy of P k in Y k we may arrange that for i k that P k \ Y i is contained in the product region P i of Y i :
Proof. Suppose that P is a component of P k : The rst step is to arrange that for all 0 i k; that R =S i \ P is a connected incompressible surface in P: This is already true for i = 0; k: Now @R is contained in @ v P which is a union of annuli. Suppose there is a component, C; of @R which bounds a disc, D; in @ v P: Then, sinceS i is incompressible, C bounds a disc, ; inS i : If we choose C innermost on @ v P then D is a sphere which bounds a ball, B; in Y k since Y k is irreducible. By choosing an innermost such ball, we may assume that B contains no other such ball, so that the interior of B is disjoint fromS i and @P: Then we can isotop D across the ball to remove C: We may thus assume that every component of @R is essential in @ v P: Suppose that D is a compressing disc for R in P: SinceS i is incompressible in Y k ; there is a disc inS i with the same boundary as D: Then intersects @ v P in circles, and since @ v P is incompressible in Y k ; these circles bound discs in @ v P: But these circles are in @R and so there are no such circles. Hence is contained in P; thus R is incompressible in P:
Now P = I for some compact connected surface and R is an incompressible surface, possibly disconnected, in I such that @R is contained in I @ : Suppose that R 0 is a component of R: The projection of I onto 0 maps R 0 1 -injectively and sends boundary to boundary. Applying Theorem 13.1 of 5] to R 0 either this map is homotopic to a covering, or R 0 is an annulus and the map is homotopic rel boundary into @ : In this case, both boundary components of R 0 are on the same annulus component of I @ : Thus there is an annulus, B; in @P with the same boundary as R 0 and B R 0 is the boundary of a solid torus in P: Then, after choosing an innermost such solid torus, we can isotop B across this solid torus to remove R 0 from R: Thus we may assume the map of R 0 ?! is homotopic to a covering. De ne C to be a component of @S 0 \ : Recall that every component of a product region contains a component of @S 0 : In particular there is a component, C 0 ; of @R 0 which maps onto C: But C 0 is the only component of @S i which maps to C and so R 0 = R is connected. Now P is a product I : Also R is an incompressible surface in P which separates P: In addition, R is disjoint from @I : It follows from the homotopy cobordism theorem for Haken manifolds that the submanifold of P between 0 and R is a product region for Y n : Since Y n is irreducible, 2.4 applied to Y n implies that this product region may be isotoped into P i : 2
It now follows from 2.6 that there is an ambient isotopy of Y k taking P k+1 \ Y k into P k ; thus we may assume that Y k \ P k+p P k : Thus the compact connected subsurfaces A k =S 0 \ P k are decreasing in other words A k+1 A k ; and each is 1 -injective. We will de ne A 0 =S 0 : Lemma 2.7 With the hypotheses of 1.4, then for each k 0; one of the following occurs:
A k is a regular neighborhood of @S 0 inS 0 : A k+1 is not isotopic to A k :
We say that A k is a strictly decreasing sequence of surfaces.
Proof. Suppose that A k+1 is isotopic to A k : Let :M ? ?!M ? be the generator of the group of covering transformations such that S 0 =S 1 : Then P k+1 \ Y k is a product region in Y k and can therefore be isotoped in Y k into the maximal such product region which is P k : Therefore the surface R = P k+1 \S 1 can be isotoped inS 1 into A k : Since P k+1 is a product, R is di eomorphic to A k+1 ; hence to A k : Now R is a 1 -injective subsurface of A k ; and R is di eomorphic to A k : Therefore R can be isotoped inS 1 Proof. By 2.7 the sequence of surfaces A k is strictly decreasing hence for su ciently large n we have that A n is a regular neighborhood of @S 0 : Hence the product region P n is contained in a regular neighborhood of @Y n : But now by 2.2 every vertical square in Y n is inessential. 2
The following argument was told to us by Gabai. Lemma 2.9 Suppose that M and N are irreducible relative cobordisms which do not contain essential vertical squares. Suppose that @ h M = S 0 S 1 @ h N = T 0 T 1 and that : S 1 ?! T 0 is a homeomorphism. Let P be the 3-manifold formed from M and N by identifying S 1 with T 0 via : Then P has incompressible boundary.
Proof. Suppose that D is a compressing disc for P: Note that P is a relative cobordism between S 0 and T 1 : We may isotop D so that D is transverse to S 1 T 0 The intersection of @D with @ v P consists of a vertical arcs.
Choose D; subject to the above, so that it has the minimum number of vertical arcs in its boundary. If there are no vertical arcs, then D is either contained in M or in N: Without loss, we suppose that D is contained in M: Then D is a compressing disc for S 0 in M; but the hyothesis that M is a relative cobordism includes that S 0 is incompressible. Hence we have a contradiction. The boundary of D is made up of horizontal and vertical arcs which alternate. This is shown in Figure   1 , where the vertical arcs are shown thicker.
Observe that since M and N are irreducible and they are glued together along incompressible surfaces, then P is also irreducible and S 1 T 0 is incompressible in P: The intersection of D with S 1 consists of arcs and circles. Since S 1 is incompressible in P; each such circle bounds a disc in S 1 and so we may isotop D to remove the circles. Thus each vertical side of D has an endpoint of exactly one arc of intersection. Now choose an outermost (on D) arc, ; of intersection on D with S 1 : We claim that the situation is as shown in Figure 1 . Figure 1 Thus there is a disc, ; in D with boundary the union of and an arc in @D and intersects exactly two vertical arcs, ; : Now is contained in either M or in N; without loss of generality we will assume that is contained in M: Thus is a vertical disc in M and so is boundary parallel. Hence D can be isotoped to reduce the number of vertical arcs in its boundary, a contradiction. In this section, M denotes the exterior of the gure eight knot K: This is a punctured torus bundle over the circle. We regard the punctured torus, T 0 ; as a square with a disc removed from the middle and opposite sides identi ed. The side labelled 1 on one arc is joined to the side labelled 2 on the other arc. Figure 3 The surface F has eight boundary components, 2 of which cover the boundary of T 0 degree-2;
these boundary components are labelled 7 and 8. The other 6 boundary components are labelled (T 6 ) denote the map given by the projection obtained from the direct sum decomposition of H 1 (@M) coming from @M =T 6 (@M ?T 6 ) whereT 6 is the 6'th boundary component. Then p(Ker) = H 1 (T 6 ); since the image of the left hand side of (1) is t 6 and the image of the left hand side of (2) is~ 6 which are a homology basis of H 1 (T 6 ): Given z in Ker; there is a compact, oriented, 2-sided surface V properly embedded inM with boundary representing @V ] = z: Observe that no classes in boundary component number 8 appear in (1) and (2) . It follows that, by adding discs and annuli to all boundary components of V onT 8 that we may arrange that V is disjoint fromT 8 : This implies that V is not the ber of any bration ofM: We may thus apply theorem 1.4 to V and deduce that p(z) is a virtual boundary slope of M f : Since p(z) is an arbitrary element of H 1 (T 6 ) it follows that every slope of M f is a virtual boundary slope. Since M f is the 2-fold cover of the exterior of the gure 8 knot, this proves corollary 1.3.
Calculations
In this section we derive relation (2) . Figure 4 We will derive the following relation in H 1 (M) (3) t 3 ? t 1 + t 5 ? t 7 + x 2 ? x 4 = 0 then (as seen in Figure 4) 5 Varying the slope for punctured torus bundles.
We answer question (1.7) for punctured torus bundles. Let f : T 0 ?! T 0 be a homeomorphism of a punctured torus, and M f = T 0 I=f is a bered 3-manifold with this monodromy. There is k > 0 such that g f k is congruent mod 2 to the identity in SL 2 Z: Then M g is a k-fold cyclic cover of 
